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Consider the R-algebra A = REx
, y].

We can draw this example very nicely ,
it

becomes a useful testing ground for theorems.

We write out a -basis

: ....

yaxy4x2y4x3y4x*

y4

def* We define a monomial
3

Y xy xy xy3 x
*3

yu xyn xhy2 xy2 x
*

y ideal to be generated&.
---

Y XY xyy xy

1Xxix3x4 by monomials.

We can draw these ideals

I = (x2, xy, y3) easily

then dimAx = # monomials under
orange

↓ line .

= 5



For the next definitions .
A
any

wing
.

def : An A-module F is Free if

B
7 a basis of F

,
that is EEFYt.

FaeF Ja
,...,
anc. B with

x = a,:
,

+.. - + drkin

& if for any
xi, ...,in EB st.

Mi
,
+--- + Ani = 0 = a = = an = 0 .

Remark : Once we've defined DIRECT Sum,
-

we see F free Es FEA:
=: ADI

We
say a module M is #INITELY GENERATED

if =A - M
↳ finite direct sum.



Now an ideal
,
that is

, a submodule ICA,

is finitely generated C) Ef,, ....
freA s.

t.

I = (f.. ..., fr)

-"Hilbert ! Basic The
"

IMPORTANT FACT : Every ideal of RIX ,
, ..., Xu] is

finitely generated ,
we'll prove

this later.

def : A R-algebra A is finitely generated

if Ja, ...,
an A s . t .

VacA

7 p(x, . . ., xn)E REX , , .... xn] st . a = pla, ....,an)

Equivalently ,
FREX ., ....,Xn] - A

, a sorg

k-algebra homomorphisen,



THERE'S A BIG DIFFERENCE BETWEEN

FIN . GEN . AS MODULE VS FIN . GEN . As

A R-ALGEBRA.

Now our example :

: .... I = (X)
, is fin generatedyaxy4x2y4x3y4x*

y4

y xy xy xy3 x
*3

yu xyn xhy2 xy2 x
*

y ASA is a R-subalgebra.LL- then A is fin : generated.

Al
A is not fin , generated.

Now consider group
G = [2 , -13 & A = k[x, y]

vna (-1) · F(x,y) = f) -x
,

-

y).



We want to understand

A = St +A/g . 7 = f Eg = &3.

: ....

& xyi xyp &
⑮ xi3

These monomials form a

⑤D basis for AS

3 ⑭ xy By xy A = k[x2, xy , y2]
① . - -

=
So we see At is fin gen .

Moreover
,

At is a free module over RIX,y

: .... with basis 1
, xy :

& xyiy
⑮ xi2

xini
⑭ by By xy
① ** . - -


